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It is shown that the formula for the positivity of the triplet invariant in P�11
changes drastically if one uses a different statistical method by imposing

acceptable and unbiased additional structural information. We obtain a much

lower probability for the strength (almost 1
2) of the triplet formula than the

classical one.

1. Introduction

It is widely believed that the statistical formula for the triplet

invariant (see e.g. Cochran, 1955; Hauptman, 1976) cannot be

enhanced if no additional chemical structural information is

used. There are two different approaches for calculating the

joint probability distribution (j.p.d.) of a set of structure

factors. The first approach was introduced by Karle and

Hauptman (see e.g. Karle & Hauptman, 1958; Hauptman,

1976). This method also leads to interesting algebraic

formulae. It considers the reciprocal vectors as random vari-

ables (r.v.’s) and uses a uniform weight on reciprocal space; the

atomic vectors are kept fixed. In the second approach, the

reciprocal vectors are fixed and the structure factors are

considered as r.v.’s of the atomic position vectors, which are

themselves considered as r.v.’s ranging over the unit cell. One

normally takes a uniform j.p.d. for these atomic vectors (see

e.g. Klug, 1958; Giacovazzo, 1976). However, one can also take

additional (chemical) information into account. In this case we

also get new formulas for the j.p.d.’s of structure factors (see

e.g. Heinerman et al., 1977).

It happens that the two statistical methods mentioned

above give the same j.p.d.’s if we consider only a uniform j.p.d.

of the atomic position vectors. Maybe this is the reason why it

is believed that the j.p.d. of a triplet set of structure factors

cannot be enhanced. In this paper we show that using the

second statistical method and using general additional infor-

mation one obtains a new j.p.d. of the structure factors of a

triplet.

2. The joint density of the atomic vectors

We consider the space group P�11 and a crystal with N atoms.

For the sake of simplicity we consider an equal-atom structure.

Let ri ½1 � i � t ¼ ðN=2Þ� be the atomic position vectors in the

asymmetric unit. Let

Eh ¼ ð2=N1=2
Þ
Pt

i¼1

cosð2�h � riÞ ð1Þ

be the structure factor corresponding to the reciprocal vector

h. Denote by xi ð1 � i � tÞ t random vector variables that

range over the unit cell with respect to a joint probability

density f ðx1; . . . ; xtÞ to be determined shortly. The usual

approach is to take f ðx1; . . . ; xtÞ ¼ 1 (see e.g. Klug, 1958;

Peschar & Schenk, 1987; Giacovazzo, 1976).

Suppose we consider the set of all piecewise linear paths

with t vertices that lie in the unit cell. We want the xi to range

(perhaps uniformly) over these t vertices (that represent

random atomic position vectors) and then we want to inte-

grate over all paths. We can do this in the following way.

Denote these t vertices by y1; . . . ; yt . We consider the condi-

tional density

f ðx1; . . . ; xtjy1; . . . ; ytÞ ¼
Yt

i¼1

�
2

N

Xt

s¼1

�ðxi � ysÞ

�
hðx1; . . . ; xtÞ;

ð2Þ

where hðx1; . . . ; xtÞ is a density that can be imposed; e.g. if we

let the xi range uniformly over the t vertices y1; . . . ; yt , then we

can take hðx1; . . . ; xtÞ ¼ 1. We can also imagine that not all

paths are equally probable. So we can also consider a joint

density gðy1; . . . ; ytÞ for the yj. Then the total joint density

f ðx1; . . . ; xtÞ can be written as

f ðx1; . . . ; xtÞ ¼
R

f ðx1; . . . ; xtjy1; . . . ; ytÞgðy1; . . . ; ytÞ dy1 . . . dyt:

ð3Þ

We recover the usual Bayesian approach. Furthermore, let us

denote every random variable ẐZðx1; . . . ; xtÞ of the xi with a

circumflex ð^Þ.

3. The triplet invariant

We shall consider the case

hðx1; . . . ; xtÞ ¼ gðy1; . . . ; ytÞ ¼ 1: ð4Þ

That is, the xi range uniformly over the different yj and all

paths are equally probable. So what we are doing is to use the

additional information that the probability distribution of the

r.v. xi must be a sum of � functions, i.e. f ðx1; . . . ; xtÞ must be



proportional to
Qt

i¼1

�Pt
s¼1 �ðxi � ysÞ

�
where the yj are

parameters.

Next let us define for every reciprocal vector h the random

variable

ÊEh ¼ ÊEhðx1; . . . ; xtÞ ¼ ð2=N1=2Þ
Pt

i¼1

cosð2�h � xiÞ: ð5Þ

This choice of r.v. instead of F̂Fh ¼ N1=2ÊEh has nothing to do

with any hidden a priori uniform distribution but simply with

the fact that, as we will see below, hF̂F2
hi ¼ OðNÞ whereas

hÊE2
hi ¼ Oð1Þ.

For every r.v. ẐZðx1; . . . ; xtÞ let us define

hZðx1; . . . ; xtÞi �
R

ẐZðx1; . . . ; xtÞf ðx1; . . . ; xtÞ dx1 . . . dxt: ð6Þ

We want to calculate the j.p.d.

PðEh;Ek;EhþkÞ ¼ h�ðÊEh � EhÞ�ðÊEk � EkÞ�ðÊEhþk � EhþkÞi;

ð7Þ

where � is Dirac’s delta function �ðx� yÞ ¼

ð1=2�Þ
R1
�1

du exp½iuðx� yÞ�. Define

E1 ¼ Eh; E2 ¼ Ek; E3 ¼ Ehþk: ð8Þ

Then

PðE1;E2;E3Þ

¼ ð1=2�Þ3
R1
�1

du1 . . .
R1
�1

du3 expð�iu1E1 . . .� iu3E3Þ

� ’ðu1; u2; u3Þ; ð9Þ

where

’ðu1; u2; u3Þ ¼ hexpðiu1ÊE1 þ iu2ÊE2 þ iu3ÊE3Þi: ð10Þ

Define h1 ¼ h; h2 ¼ k; h3 ¼ hþ k. Then the right-hand side

of equation (9) equalsZ
dy1 . . . dyt

�Z
dx1

�
ð2=NÞ

Pt

s¼1

�ðx1 � ysÞ

�

� exp

�
ð2i=N1=2Þ

P
j

uj cosð2�hj � x1Þ

��t

: ð11Þ

Let us define

’ðu1; u2; u3; yÞ �

�Z
dx1

�
ð2=NÞ

Pt

s¼1

�ðx1 � ysÞ

�

� exp

�
ð2i=N1=2Þ

P
j

uj cosð2�hj � x1Þ

��
:

ð12Þ

Then equation (11) is equal to
R

dy1 . . . dyt ’ðu1; u2; u3; yÞt.

Next, for an equal-atom structure we can replace

ð2=NÞ
Pt

s¼1 �ðx1 � ysÞ byP
q

ÛUqðyÞ expð�2�iq � x1Þ; ð13Þ

where

ÛUqðyÞ ¼ ð1=N1=2
ÞÊEhðy1; . . . ; ytÞ and y ¼ ðy1; . . . ; ytÞ: ð14Þ

Then ’ðu1; u2; u3; yÞ is given by

’ðu1; u2; u3; yÞ ¼

Z
dx1

hP
q

ÛUqðyÞ expð�2�iq � x1Þ

i
� exp ð2i=N1=2Þuj cosð2�hj � x1Þ

� �
; ð15Þ

where we have summed over repeated indices. Developing

’ðu1; u2; u3; yÞ asymptotically,

’ðu1; u2; u3; yÞ ¼ 1þ
X

j

2iuj

N1=2
ÛUhj
ðyÞ �

X
j

u2
j

N

�
u2

1

N
ÛU2hðyÞ �

u2
2

N
ÛU2kðyÞ �

u2
3

N
ÛU2hþ2kðyÞ

�
2u1u2

N
½ÛUhþkðyÞ þ ÛUh�kðyÞ�

�
2u1u3

N
½ÛUkðyÞ þ ÛU2hþkðyÞ�

�
2u2u3

N
½ÛUhðyÞ þ ÛUhþ2kðyÞ�

�
2iu1u2u3

NðNÞ
1=2
þO

1

N2

� �
: ð16Þ

In equation (16) ÛUqðyÞ is considered to be of order 1=N1=2.

Developing asymptotically ’ðu1; u2; u3; yÞt (where t ¼ N=2)

we get

’ðu1; u2; u3; yÞt ¼ exp½iu1ÊEhðyÞ þ iu2ÊEkðyÞ þ iu3ÊEhþkðyÞ�

� expð�1
2u

2
1 �

1
2u

2
2 �

1
2u

2
3Þ

�

(
1�

u2
1

2N1=2
ÊE2hðyÞ �

u2
2

2N1=2
ÊE2kðyÞ

�
u2

3

2N1=2
ÊE2hþ2kðyÞ �

u1u2

N1=2
½ÊEhþkðyÞ þ ÊEh�kðyÞ�

�
u1u3

N1=2
½ÊEhðyÞ þ ÊE2hþkðyÞ�

�
u2u3

N1=2
½ÊEkðyÞ þ ÊEhþ2kðyÞ�

�
iu1u2u3

N1=2
þO

1

N

� �)
: ð17Þ

Next we remark that (a proof is given in the Appendix)R
dy1 . . . dyt ’ðu1; u2; u3; yÞt ¼

expð�1
2u

2
1 �

1
2u

2
2 �

1
2u

2
3Þ

Z 1
�1

expðiu1Eh þ iu2Ek þ iu3EhþkÞ

�

"
1�

u2
1

2N1=2
E2h �

u2
2

2N1=2
E2k �

u2
3

2N1=2
E2hþ2k

�
u1u2

N1=2
ðEhþk þ Eh�kÞ �

u1u3

N1=2
ðEk þ E2hþkÞ

�
u2u3

N1=2
ðEh þ Ehþ2kÞ �

iu1u2u3

N1=2
þO

1

N

� �#

� P0ðEh;Ek;Ehþk;E2h;. . . ;Ehþ2kÞdEhdEkdEhþkdE2h. . .dEhþ2k;

ð18Þ

where P0ðEh;Ek;Ehþk;E2h; . . . ;Ehþ2kÞ is the j.p.d. of

Eh; . . . ;Ehþ2k with respect to the uniform distribution of the

yi, i.e.
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P0ðEh;Ek;Ehþk;E2h; . . . ;Ehþ2kÞ

¼
R

dy1 . . . dyt �ðÊEh � EhÞ � . . .� �ðÊEhþ2k � Ehþ2kÞ; ð19Þ

where in equation (19) ÊEh means ÊEhðy1; . . . ; ytÞ etc. Since e.g.

R1
�1

P0ðEh;Ek;Ehþk;Ehþ2kÞEhþ2k dEhþ2k ¼ O 1=N1=2
	 


; ð20Þ

R1
�1

P0ðEh;Ek;Ehþk;E2h; . . . ;Ehþ2kÞ

� f ðEh;Ek;EhþkÞ dEh dEk dEhþk dE2h . . . dEhþ2k

¼
R1
�1

P0ðEh;Ek;EhþkÞf ðEh;Ek;EhþkÞ dEh dEk dEhþk;

ð21Þ

and

P0ðEh;Ek;EhþkÞ ¼
1

ð2�Þ1=2

� �3

expð�1
2E

2
h . . .� 1

2E
2
hþkÞ

�

"
1þ

1

N1=2
EhEkEhþk þO

1

N

� �#
;

ð22Þ

we obtain (using formulas from the Appendix)

’ðu1; u2; u3Þ

¼

Z
dy1 . . . dyt ’ðu1; u2; u3; yÞt

¼
1

ð2�Þ1=2

� �3

expð�1
2u

2
1 �

1
2u

2
2 �

1
2u

2
3Þ

�

Z 1
�1

dEh dEk dEhþk expðiu1Eh þ iu2Ek þ iu3EhþkÞ

� expð�1
2E

2
h �

1
2E

2
k �

1
2Ehþk2Þ

�
1�

iu1u2u3

N1=2
�

u1u2

N1=2
Ehþk

�
u1u3

N1=2
Ek �

u2u3

N1=2
Eh þ

1

N1=2
EhEkEhþk þO

1

N

� ��

¼ expð�u2
1 � u2

2 � u2
3Þ

�
1þ
ðiu1Þðiu2Þðiu3Þ

N1=2
ð1þ 3þ 1Þ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

¼5

þO
1

N

� ��
: ð23Þ

Thus [see equation (9)]

PðE1;E2;E3Þ �
1

2�

� �3Z 1
�1

du1 du2 du3 ’ðu1; u2; u3Þ

� expð�iu1E1 � iu2E2 � iu3E3Þ

¼
1

2�

� �3Z 1
�1

du1 du2 du3

� expð�iu1E1 � iu2E2 � iu3E3Þ

� expð�u2
1 � u2

2 � u2
3Þ

�

�
1þ

5

N1=2
ðiu1Þðiu2Þðiu3Þ þO

1

N

� ��

¼
1

2�

� �3Z 1
�1

du1

21=2

du2

21=2

du3

21=2

� exp �iu1

E1

21=2
� iu2

E2

21=2
� iu3

E3

21=2

� �
� expð�1

2u
2
1 �

1
2u

2
2 �

1
2u

2
3Þ

�

�
1þ

5

N1=2
i

u1

21=2

� 

i

u2

21=2

� 

i

u3

21=2

� 

þO

1

N

� ��

¼
1

21=2

� �3
1

2�

� �3=2

expð�1
4E

2
1 �

1
4E

2
2 �

1
4E

2
3Þ

�

�
1þ

5

N1=2

1

21=2

� �3
E1

21=2

E2

21=2

E3

21=2
þO

1

N

� ��

¼
1

4�

� �3=2

expð�1
4E

2
1 �

1
4E

2
2 �

1
4E

2
3Þ

�

�
1þ

5E1E2E3

8N1=2
þO

1

N

� ��

¼
1

4�

� �3=2

exp

�
� 1

4E
2
1 �

1
4E

2
2 �

1
4E

2
3

þ
5E1E2E3

8N1=2
þO

1

N

� ��
: ð24Þ

From which it follows that the probability Pþ that the sign of

the triplet EhEkEhþk is positive given the absolute values

jEhj; jEkj; jEhþkj is given by

PþðEhEkEhþkÞ ¼
1
2þ

1
2 tanh

�
5

8

jE1E2E3j

N1=2

�
; ð25Þ

whereas the classical formula (Cochran, 1955) is

Pþ; classical ðEhEkEhþkÞ ¼
1
2þ

1
2 tanh

�
jE1E2E3j

N1=2

�
: ð26Þ

4. Conclusion

The introduction of joint densities f ðx1; . . . ; xtÞ of atomic

variables that differ noticeably from the classical approach can

give us new statistical formulas that are very different to the

classical formulas. A lot of research has still to be done.

APPENDIX A

R1
�1

expðibxÞ expð�1
2ax2Þ dx ¼ ð2�=aÞ

1=2 exp �1
2ðb

2=aÞ
� �

: ð27Þ
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R1
�1

expðibxÞ expð�1
2x

2Þ dx ¼ ð2�Þ1=2 expð�1
2b

2Þ: ð28Þ

R1
�1

ðiuÞ
n expð�iuEÞ expð�1

2u
2Þ du ¼ ð2�Þ1=2 expð�1

2E
2ÞHnðEÞ:

ð29Þ

H0ðxÞ ¼ 1: ð30Þ

H1ðxÞ ¼ x: ð31Þ

H2ðxÞ ¼ x2
� 1: ð32Þ

H3ðxÞ ¼ x3 � 3x: ð33Þ

H4ðxÞ ¼ x4
� 6x2

þ 3: ð34Þ

H5ðxÞ ¼ x5
� 10x3

þ 15x: ð35Þ

R1
�1

x expðibxÞ expð�1
2x

2Þ dx ¼ ð2�Þ1=2
ib expð�1

2b
2Þ: ð36Þ

R1
�1

x2 expðibxÞ expð�1
2x

2Þ dx ¼ ð2�Þ1=2
ð1� b2Þ expð�1

2b
2Þ:

ð37Þ

Proof of equation (18): For notational simplicity we

consider the case ’½u; ÊEhðyÞ� where y ¼ ðy1; . . . ; ytÞ. ThenR
’½u; ÊEhðyÞ� dy ¼

R
dy
R
’ðu; EhÞ�½Eh � ÊEhðyÞ� dEh

¼
R
’ðu; EhÞ dEh

R
dy �½Eh � ÊEhðyÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

P0ðEhÞ

¼
R
’ðu; EhÞP0ðEhÞ dEh: ð38Þ
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